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1. Introduction

Vertex-transitive and edge-transitive graphs are well suited for use as models for interconnection networks, as these
graphs look the same viewed from any vertex [1,2]. Thus, in such networks the same routing algorithm may be used by each
processor. In recent years, the problem of how to use new finite groups techniques to study vertex-transitive graphs has
received a lot of attention (see e.g. [3-6]).

The Cayley graph is also an important connection pattern of interconnection networks, which has been studied
extensively, with more results obtained [7,8]. As a result, how to obtain large Cayley graphs has become an interesting topic
not only in its own right but also practically. Nedela and Skoviera [9] studied the Cayley graph of the generalized Petersen
graphs. Xu [10] proved that the Cartesian product of two Cayley graphs is a Cayley graph. For further results and references,
the reader is referred to the recent paper [10].

Some large graphs can be constructed from existing smaller graphs by using, for example, the Cartesian product and the
lexicographic product [1,11]. Many properties of such large graphs are associated strongly with those of the corresponding
smaller ones [12].

In this note, we consider the lexicographic product of graphs. Our main objective is to study the properties of
lexicographic products of vertex-transitive and of edge-transitive graphs, and of the Cayley graphs. We show that the
lexicographic product of vertex-transitive (edge-transitive) graphs is a vertex-transitive (edge-transitive) graph and, in
particular, the lexicographic product of Cayley graphs is a Cayley graph.

2. The main results

We start by fixing some notation.
Let G = (V, E) be a simple graph with vertex set V = {vq, vy, ..., vy} and the edge set E = {eq, €2, . .., en}. Let Aut(G)
denote the automorphism group of G. A graph G is vertex-transitive (resp. edge-transitive) if Aut(G) acts transitively on V (G)

* This project was supported by the National Natural Science Foundation of China (No. 70531030, No. 10641003 and No. 11071191), National 973
(No.2007CB311002).
* Corresponding author.
E-mail address: wang_weiw@163.com (W. Wang).

0893-9659/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.am1.2011.05.021


http://dx.doi.org/10.1016/j.aml.2011.05.021
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
mailto:wang_weiw@163.com
http://dx.doi.org/10.1016/j.aml.2011.05.021

F. Li et al. / Applied Mathematics Letters 24 (2011) 1924-1926 1925

(resp. on E(G)). Let I" be a finite group and S a subset of I" that is closed under taking the inverse and does not contain the
identity. CayleyC-(S) is a graph with vertex set I" and edge set E(C;-(S)) = {gh : hg™! € S}.

Let Gy and G, be two graphs. The lexicographic product, denoted by G; ® G, is a graph with vertex set V(G;) x V(G,),
and there is an edge from (u4, uy) to (vq, vy) if either there is an edge from u; to v; in Gy, or u; = v¢ and there is an edge
from u; to v, in G,. For other terminology and notation not defined here, see [13].

Theorem 2.1. Let G; (i = 1, 2, ..., n) be vertex-transitive graphs. Then the lexicographic product graph G; © G; © - - - O Gy is
a vertex-transitive graph.

Proof. Suppose that G = G ® G, © --- ® Gy, and let x = X1xp,...,X, and y = y1¥», ..., Y, be any two vertices of
the graph G, where x;,y; € V(G) (i = 1,2,...,n). Since G; is vertex-transitive, there exists o; € Aut(G;) such that
oi(x;)) =y; (i=1,2,...,n). Now define the mapping ¢ as follows:

P(x1X2, ..., X)) = 01(X1)02(X2), - - ., O (Xn)-
It is easy to verify that ¢ is an element of Aut(G), and ¢(x) = y. Thus, G is vertex-transitive. O

Similarly, we have the following:

Theorem 2.2. Let G; (i = 1,2,...,n) be edge-transitive graphs. Then the lexicographic product G; ® G, ® --- ® G, is an
edge-transitive graph.

The proof of the following result is simple, but it is very important in the theory of graph embedding.
Theorem 2.3. Suppose that G = G OGO - O G, and G =G, O G, O --OG,.If Giisasubgraphof G;fori=1,2,...,n,
then G is a subgraph of G'.

From the above theorems, we know that the lexicographic product of the vertex-transitive (edge-transitive) graphs is a
vertex-transitive (edge-transitive) graph. It is well known that the Cayley graph is vertex-transitive [3], but the reverse need
not to be true (e.g., for the Petersen graph). It is then natural to ask whether the lexicographic product of Cayley graphs is a
Cayley graph. The following theorem gives an affirmative answer to this question.

Theorem 2.4. The lexicographic product of Cayley graphs is a Cayley graph.

Proof. Let G; = C;(S;) be the Cayley graph for a finite group I; = (X;, o;) onthe setS;; thenG =G © G, © - - - © G, is the
Cayley graph Cr(S) for the group I = I'1 x I} X --- x I, on the set

n
S:U{el"'ei—1}XQiXQi+l X+ X Qp,
=1
where

le} xi=yi
Q=1S  (x,y) €E@G)
D (%, y) €EG)

and e; is the unit elementofthe I3, i=1,2,...,n.
We only need to consider the casen = 2. Then,G = G; © Gy, I' = I'1 X I,and S = ({e1} X S3) U (51 X S5) U (51 x
@,) U (51 x {ey}), for any two elements x1x, and y1y,, where x;, y; € X;, i = 1, 2. We only need to prove that

(x1%2, Y1¥2) € E(G) <= (x1%2) "' 0 (y1y2) € S.
By the definition of the lexicographic product,

(x1,¥1) € E(Gy), otherwise

R € E(G
(x1%2, y12) © < {Xl =Y, (x2,¥2) € E(Gp)

since G; = C(S;), i = 1, 2. Thus, we have
(xi,y1) € E(G) & x; ' o1y; € Si.
Next, we distinguish the following cases:
Case (1):
X1 =Y1, (x2,¥2) € E(G2) &
(x1%2) "o (11y2) = (x7'%, ") o (1y2)
7 01y1) (%5 02¥2)
;o1 x) (%, 0232)
= e1(x; ' 0zy2) € fer} xS, CS.
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Case (2):

X2 =Y, (x1,¥1) € E(G1) &

(xix2) "o (y1y2) = (x;1X;1) o (y1y2)

(7' o1y1)(X; ' 02¥2)

7 o1y oy %)
(x;'o1y1)e2 € S1 x {e2} CS.

Case (3):
(x1,¥1) € E(Gy), (X2,¥2) € E(Gy) &
(x1%2) " o (1y2) = (x7'%; ") 0 (Y1y2)
= (X" o1y1) (%, 02¥2) €51 xS, CS.
Case (4):
(x1,¥1) € E(Gy), (X2,¥2) € E(G2) &

(x1x) " o iy2)U = (%%, ") o (y1y2)
(x; o1y, 03y2) €S x B, CS.

These show that G = G; ©® G, is the Cayley graph C-(S) for the group I" = I'y x I; on the subset S = ({e1} x S;) U (51 X
S2) U (S1 X @3) U (S1 x {ez}). This completes the proof of the theorem. O
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